
Non-Homothetic Demand and Income Divergence in a

Ricardian Model of International Trade

Esteban Jaimovich

Collegio Carlo Alberto

Vincenzo Merella

Birkbeck College

October 2007

Abstract

We introduce a dynamic process of quality upgrading a là Grossman and Helpman (1991)

into a Ricardian model of international trade with non-homothetic preferences. We show that

in such a framework the income distribution across countries displays an inherent tendency

towards divergence in the long run. The underlying reason for the divergence reminds us

of the old Prebish (1950) and Singer (1950) hypothesis; namely, countries that specialise

in goods with low income demand elasticity experience a secular decline in their terms of

trade. Yet, in contrast with the previous literature in the subject, our model generates

these dynamics purely from the terms of trade e¤ect, in isolation from any other source of

disparities. Furthermore, we show that the world economy undergoes an initial phase during

which all countries display identical income, and inequality among them only arises once

world productivity surpasses some minimum threshold.
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1 Introduction

The main prediction of the Solow (1956) model, according to which poorer economies should

catch up with richer ones, is rejected by the cross-country data �see, for example, Jones (1997)

or Azariadis and Stachurski (2005). In the light of this evidence, the growth and development

literature started looking for alternative theories which could lead to divergent dynamics or,

at least, absence of convergence. Most of this literature initially abstracted from international

trade and its e¤ects on growth. However, the perception that international trade might exert

di¤erential impacts on countries depending on their relative level of development has been �oat-

ing around since Prebish (1950) and Singer (1950). In their view, poorer economies specialise

in commodities with low income demand elasticity. Hence, the story goes, as the world income

rises demand deviates towards richer economies, improving their terms of trade and thereby

magnifying initial income disparities.

Underlying the hypothesis of Prebish and Singer is the idea that individuals� preferences

are non-homothetic. As a result, as people become wealthier expenditure shares bias towards

luxury goods, which are produced by the industrialised economies. Following this line of reason-

ing, Matsuyama (2000) builds a Ricardian model with non-homothetic preferences based on a

hierarchical ordering of needs that generates this pattern of international trade. Yet, neither in

the writings by Prebish or Singer, nor in the model proposed by Matsuyama, any (endogenous)

explanation is provided for why poorer countries should specialise in commodities with low in-

come demand elasticity in the �rst place. In fact, in those articles the speci�c international trade

pattern that arises is not the cause of disparities across countries, but actually the result of it

(what trade does in those papers is magnifying those initial disparities, which are exogenously

predetermined).

We propose an endogenous mechanism for determining the pattern of international speciali-

sation in the production of commodities with di¤erent income elasticity of demand, based on a

process of substitution to higher quality goods as wealth increases. The quality ladder structure

in our paper is analogous to the one constructed by Grossman and Helpman (1991) �that is, in

a continuum of horizontally di¤erentiated commodities, an in�nite number of qualities for each

variety of good are available in the market. However, in contrast with Grossman and Helpman,

in our framework the optimal expenditures shares do not remain constant across varieties as

income rises. The idea is that, because the marginal valuation of quality of consumption in-

creases with income (compared to that of physical consumption), as individuals become richer
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they optimally shift resources towards those commodities whose quality has risen more. The

distribution of quality upgrades for di¤erent varieties is itself endogenous to the model. More

precisely, the optimal increase in quality for each variety depends on the aggregate cost struc-

ture, and in particular on the cost of quality upgrading. Consequently, through the resulting

process of quality upgrading and substitution, the underlying technological structure ultimately

determines (de facto) which varieties of goods are luxuries and which necessities.

By introducing these dynamics of quality upgrading and demand determination into a Ri-

cardian model of trade, we �nd that long-run income disparities among economies may arise

as a consequence of heterogeneous cost structures for the quality upgrading. Speci�cally, we

show that countries that specialise in producing varieties with high cost elasticity of quality

upgrading (hence, optimally kept at a relatively lower level in the quality-ladder), experience a

secular decline in their terms of trade, because these commodities display low income demand

elasticity.

Interestingly, our model endogenously generates divergence in a world-economy without re-

lying on any initial absolute advantage for any speci�c country, but only through the dynamics

of the terms of trade. In particular, our world-economy experiences an initial phase in which

all countries have identical income, and disparities eventually arise only once the world produc-

tivity surpasses some minimum threshold.1 The most remarkable feature of this mechanism lies

in that, even though comparative advantages are held �xed, there is no pre-ordered reason for

considering any economy initially �better�than any other one. At any given level of wealth, it is

only the distribution of the cost of quality upgrading across commodities what governs towards

which goods, and hence towards which countries, aggregate demand will bias in the long run.

This mechanism represents the most distinctive feature of our model. The previous literature

attempting to model a world economy with North-South trade has always needed to rely on some

sort of absolute advantage by the North over the South. For example, Matsuyama (2000) and

Flam and Helpman (1987) assume that the North is intrinsically more productive than the South

at any variety of goods. Similarly, Stokey (1991) postulates that the stock of human capital in

North is larger than in the South, turning thus the former more productive than the latter. In

this sense, all these authors somehow assume that the North is initially richer than the South,

and just then they let international trade play a role in the model, magnifying those initial

1This particular feature of the dynamics not only contrasts with previous literature in the subject �e.g. Flam

and Helpman (1987), Stokey (1991), and Matsuyama (2000)�, but also seems to be in line with the world income

distribution dynamics before and after the Industrial Revolution �see Galor (2005).
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disparities.

In addition to fully link the world income distribution to the dynamics of international

trade, we provide a novel characterisation for the consumer preferences which permits obtaining

non-homotheticity in a very standard fashion, without imposing ad hoc assumptions on the

commodity space. The former literature typically derives non-homotheticity in demand by

assuming that goods are ordered along an exogenous hierarchical line of necessity. In particular,

Matsuyama (2000) and Flam and Helpman (1987) set an upper bound on physical consumption,

forcing individuals to increase consumption by purchasing lower-ranked/less-urgent goods as

their income rises. A similar mechanism is also present in Stokey (1991) within a characteristics

framework. She sets a upper bound on marginal utility for all characteristics, while lets the price

of the goods grow unboundedly as they add more characteristics; in this way, she establishes a

line of hierarchy that monotonically maps into the quality space, where goods of higher quality

remain unconsumed until income rises su¢ ciently to make them a¤ordable. In contrast, our

model generates non-homotheticity in demand from an unrestricted standard consumer choice

framework in which all commodities are in principle symmetric from the consumer viewpoint.2

The paper is organised as follows. Section 2 describes the set-up of the model. Section 3

solves the consumer�s problem in a partial equilibrium set-up, illustrating the speci�cities of

the non-homotheticity of demand in our model. Section 4 computes the general equilibrium

in the world economy, examining the e¤ects of uniform aggregate productivity growth and

income inequality. Section 5 concludes. The appendices contain the ommitted proofs and some

additional algebraic derivations used in the main text.

2 Structure of the Model

We consider a world composed by two countries: the North and the South. These two economies

share a common commodity space, de�ned along two distinct dimensions: horizontal and ver-

tical. The �rst dimension (horizontal) designates the variety (or industry) � e.g., food, TV,

etc. Di¤erent varieties are indexed by the letter v along the variety space V � R : v 2 [0; 1].
The second dimension (vertical) refers to the intrinsic quality of the good of a particular variety

v �e.g., organic vs. non-organic food, LCD TV vs. cathode ray tube TV, etc. Within each

2 It is worth noting that, although we could easily introduce some sort of hierarchical degree of need across

commodities into the model, this would just add an additional (and orthogonal) source of non-homotheticity,

which we prefer to assume away for the clarity of the exposition.
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variety v 2 V, commodities are vertically ordered by the quality-index q belonging to the set
Q � R : q 2 [1;1), where a higher q denotes a higher quality level. The commodity space
is then given by the set V�Q = [0; 1] � [1;1), and each commodity is identi�ed by a pair
(v; q) 2 V�Q.3 We assume that all commodities are tradable, and there are no transport cost
and no barriers or tari¤s a¤ecting international trade.

2.1 Preferences and Budget Constraint

Both the North and the South are inhabited by a continuum of individuals with identical pref-

erences de�ned over the commodity space V�Q. Hereafter, we adopt the following notation:
unstarred latin symbols refer to the North, starred ones to the South.

Denote by xvq 2 R+ the consumed quantity of commodity (v; q) 2 V�Q (i.e. the consumed
quantity of variety v in quality q) by a representative individual from the North. His preferences

are summarised by the following utility function:

U =

Z
V
ln

�Z
Q
max fxvq; (xvq)qg dq

�
dv (1)

This utility function captures the notion that quality is a desirable feature in commodities.

However, notice that according to speci�cation in (1), although quality is never bad, it only

magni�es the utility derived from (physical) consumption when xvq > 1. This last property

of (1) intends to capture the idea that individuals �rst seek to satisfy their basic consumption

needs, and just after these basic needs are met, do they start paying attention to the quality

dimension of the goods they consume.

Some additional properties about the utility function speci�ed in (1) are worth noting. First,

U is a sum in logs of aggregate quality-adjusted consumption across varieties; hence, for each

variety v, marginal utility is unbounded above as consumption approaches zero, implying that

all varieties will be actively consumed in an optimum (this result di¤ers from Matsuyama, 2000).

Second, convexity in quantities of the inner integrals of U means that individuals will optimally

consume only one type of quality for each variety v. Third, considering two di¤erent levels of

the quality-index q < q for the same variety v, the marginal rate of substitution of xvq for xvq

3 In our setup, di¤erent varieties should be then understood as commodities that aim at satisfying di¤erent

needs. On the other hand, di¤erent qualities for a particular variety refer to the extent (or degree) in which the

need is actually satis�ed by the commodity. In that regard, food satis�es a di¤erent need when compared to TVs

(physiological nutrition vs. visual entertainment), but an LCD TV satis�es the need for visual entertainment

(objectively!) better than a cathode ray tube TV.
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is non-decreasing along a proportional expansion path of xvq and xvq.4 This last property of (1)

is key in our paper in order to allow demand functions to display non-homothetic behaviour,

where the rich spend a larger fraction of their income in high-qualities than the poor.

Each individual is endowed with one unit of e¤ective labour. Labour is immobile across

countries. As a result, each individual in the North supplies inelastically his entire labour

endowment to Northern �rms in return of a wage w 2 R++ (hereafter, all prices are measured
in a common numeraire). This wage represents the only source of income for the individual.

Therefore, his budget constraint reads as follows:Z
V

Z
Q
pvq xvq dq dv � w (2)

where pvq 2 R++ denotes the (international) price of each unit of commodity (v; q) 2 V�Q.
We de�ne �v � w�1

R
Q pvqxvqdq as the demand intensity of variety v 2 V.

5 In the optimum,

given the speci�cation in (1), the budget constraint (2) will naturally bind. It is thus straight-

forward to notice that demand intensities will sum up to one across varieties (i.e.
R
V �vdv = 1).

All individuals in the world face the same prices for the reproducible commodities. As a

result, the analogous expressions in (1) and (2) corresponding to the South read, respectively, as

follows: U� =
R
V ln

hR
Qmax

�
x�vq;

�
x�vq
�q	

dq
i
dv and

R
V
R
Q pvqx

�
vqdqdv � w�; where w� denotes

the wage in the South in terms of the common numeraire (clearly, since labour is immobile, w

and w� need not be equal).

2.2 Technology

In both countries competitive �rms produce commodities based on linear production functions

in which labour represents their only input. We let unit labour requirements vary both across

varieties and across qualities of each variety. Also, we let unit labour requirements di¤er across

countries. In particular, in the North the unit labour requirement for commodity (v; q) 2 V�Q
is given by cvq = a (v) q�(v)=�, while in the South is given by c�vq = a

� (v) q�(v)=�; where � > 0

denotes a world aggregate-productivity parameter, a (v) and a� (v) represents variety-speci�c

4To see this, note theMRS(xvq; xvq) is de�ned by (@U=@xvq)�(@U=@xvq), and along a proportional expansion

path xvq = k xvq, where k > 0. Then, for xvq; xvq > 1:

MRS(k xvq; xvq) =
q

q
kq�1

�
xvq
�q�q

;

from where it is clear that, along the ray xvq = k xvq; MRS(xvq; xvq) is increasing in xvq.

5We borrow this nomenclature from Horvath (2000).
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technological parameters which can di¤er in the North and the South, and �(v) summarises

the cost elasticity of quality upgrading for each variety v which is assumed to be the same for

the North and the South. We suppose that a (v) : [0; 1] ! R++, where a0 (�) � 0; analogously,
a� (v) : [0; 1] ! R++, where a�0 (�) � 0. We also assume that � (v) : [0; 1] ! R++, where

h0 (�) > 0 and h (0) > 1.6

The next assumption dictates the pattern of comparative advantages across countries.

Assumption 1 Let A (v) � a� (v) =a (v). We suppose: A (0:5) = 1 and A0 (v) < 0.

Assumption 1 is the only source of heterogeneity across countries. In particular, this last as-

sumption implies that the North enjoys a comparative advantage in lower-indexed commodities,

while the South has a comparative advantage in the upper-indexed commodities.

Notice that given the cost functions cvq and c�vq speci�ed above, we are allowing countries to

possibly display identical income per-head in equilibrium, since we are not imposing any direct

source of absolute advantage in the model. Furthermore, notice that because � (v) is the same for

the North and the South, the nature of the comparative advantages do not change as we move

up in the quality-ladder. In that sense, the comparative advantages always refer to particular

varieties of goods, irrespective of the quality at which this particular variety is actually produced

(for example, a country that has a comparative advantage in producing foodstu¤, will have this

advantage in producing both organic and non-organic food products).

In our world economy, each country will naturally specialise in those commodities which they

can produce more cheaply. As a result, the international price of each commodity will be given

by pvq = min
�
cvqw; c

�
vqw

�	. Given Assumptions 1, we can write the international price of each
commodity (v; q) 2 V�Q as follows:

pvq = �
�1� (v) q�(v); (3)

where � (v) � min fa (v)w; a� (v)w�g. In addition, from (3) we can determine the marginal

variety m (that is, the variety can be produced by both countries at the same cost) as:

w=w� = A (m) : (4)
6From the labour requirements functions it is apparent that qualitative upgrade is costly, which seems a natural

assumption to make. Additionally, from our assumptions it follows that � (v) > 1 for all v 2 V, which implies
that the marginal cost of improving quality is, for each variety, increasing along the quality-space. In that sense,

this assumption also seems quite natural, as it re�ects the fact that subsequent quality improvements become

increasingly costly. Finally, note that �0 (�) > 0 �coupled with a0 (�) � 0 � implies that varieties are sorted by

their cost of quality upgrading.
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Equation (4) implies that, given the relative wage w=w�, the North will produce all the varieties

in the interval [0;m] and the South will produce all the varieties within [m; 1].

3 The Individual�s Optimal Consumption Choice

In this section we illustrate the optimal consumption choice of a representative individual from

the North, given the set of prices in the world economy. The results so obtained can be easily

extended to an individual from the South, which is done in Appendix B.

The individual in the North chooses the quantities xvq 2 R+ to consume of each commodity
(v; q) 2 V�Q in order to solve the following problem:

max
fxvqg(v;q)2V�Q

U =

Z
V
ln

�Z
Q
max fxvq; (xvq)qg dq

�
dv;

subject to:
R
V �vdv = 1;

pvq = �
�1� (v) q�(v); 8 (v; q) 2 V�Q:

(5)

In order to solve (5), it proves convenient to state the following preliminary results.

Lemma 1 (Preliminary Results)

(i) For each variety v 2 V, at most one quality, denoted henceforth by qv 2 Q, is consumed in
strictly positive amount in an optimum; formally: xvqv � 0, xvq = 0, 8q 6= qv.

(ii) Take the commodity xvqv for any variety v 2 V: if qv > 1, then xvqv > 1:

Proof. See Appendix C.

From Lemma 1, Part (i), it immediately follows that the income devoted to purchasing

commodities of variety v is entirely spent on quality qv. Hence, for each v 2 V the consumed
quantity of the optimal quality qv is given by xvqv = �vw=pvqv . In addition, from Part (ii),

it follows that we may replace the inner integral
R
Qmax

�
x�vq;

�
x�vq
�q	

dq in (5) by the simpler

expression
R
Q
�
x�vq
�q
dq, without altering any of the �nal results of that problem.7

Given Lemma 1 the individual�s optimisation problem can be thus restated in a simpler

form in terms of two sets of control variables replacing quantity xvqv for each variety v 2
7To this more clearly, notice that (keeping in mind the physical constraints) xvqv < (xvqv )

qv if and only if

xvqv < 1 and qv < 1, which cannot hold true according to Lemma 1, Part (ii).
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V In particular, an individual from the North then solves the following reduced-form of the

optimisation problem:

max
fqv ;�vgv2V

U =

Z
V
qv ln

�
w�v
pvqv

�
dv;

subject to:
Z
V
�vdv = 1;

qv � 1; 8v 2 V;

pvqv = �
�1� (v) q

�(v)
v ; 8v 2 V:

(6)

The �rst-order conditions (6) are stated in the Appendix A. From those �rst-order conditions

we may obtain the following expression for each �v in the optimum:

�v =
qvR

V qzdz
; 8v 2 V: (7)

The denominator of the right-hand side of (7) can be regarded as an aggregate index measur-

ing the optimal consumption bundle�s average quality, and is henceforth denoted by Q �
R
V qzdz.

Notice that, according to (7), the fraction of income spent on variety v is determined by its op-

timal quality relative to the average quality of consumption. In that regard, if all varieties were

optimally consumed at identical quality degrees (i.e. if qv = Q, 8v 2 V), then �v = 1 would

hold for all v 2 V, and the model would be as in Dornbusch, Fischer and Samuelson (1977).

3.1 Distribution of Qualities and Demand Intensities across Varieties

Given the technology in the world economy �summarised by �; � (�) and � (�)�it is possible to
characterise the distribution of the optimal qualities across varieties according to their position

within the set V. Lemma 2 provides the �rst result in that direction.

Lemma 2 Consider two varieties v; �v 2 V, such that v < �v. Then: qv � q�v, with strict

inequality if and only if qv > 1.

Proof. See Appendix C.

Lemma 2, implies that the consumed quality qv is non-increasing in the variety-index v. The

underlying intuition for Lemma 2 is straightforward �those varieties which can be more cheaply

upgraded tend to be optimally consumed in higher quality levels.

The monotonicity of qv implied by Lemma 2 allows us to split the variety-space in two

disjoint subsets. The �rst subset containing varieties that are bound to be consumed at the
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baseline quality level (i.e. with qv = 1) � these are the higher-indexed varieties. The second

one comprising the varieties for which the constraint qv � 1 does not bind � these are the

lower-indexed varieties. Let us denote by L � V the latter subset.

De�nition 1 Let L = fv 2 V : �v = 0g

Both L = ; and L = V are in principle possible. In fact, L = ; will hold if � is su¢ ciently
small, while L = V will hold if � is su¢ ciently large. (See Lemma 3 ahead in the text).

Finally, regarding the optimal demand intensities, from the condition in (7) we can observe

that, in the optimum, demand intensities are set proportional to the optimal qualities. As a

result, the distribution of �v across varieties will qualitatively mirror the one of qv.

3.2 E¤ects of Aggregate Productivity Shocks on Demand

When the production technology is subject to changes, both substitution-e¤ects (due to adjust-

ments in relative prices) and income-e¤ects (due to the overall e¤ect of variations in productivity)

arise. Here we focus our attention solely on income-e¤ects. In order to isolate income-e¤ects

from substitution-e¤ects, we let the parameter �, while we keep constant the functions a (�),
a� (�) and � (�).

Lemma 3 Let � � a (0) exp [� (0)]. Then:
(i) for all � 2 (0; �) : L = ;;
(ii) for all � � � : L = [0; ~v(�)], where ~v(�) : [�;1)! [0; 1], ~v(�) = 0, and ~v0 (�) > 0 whenever

~v (�) < 1.

Proof. See Appendix C.

In short, Lemma 3 implies that the subset of varieties consumed at the baseline quality

level initially comprises the entire set V, and eventually starts narrowing as world aggregate

productivity rises beyond the threshold �. The next lemma describes in further detail how

optimal qualities evolve as the parameter � increases.

Lemma 4

i) If � 2 (0; �): @qv=@� = 0 for all v 2 V;

ii) If � � �: a) for all v 2 L, @qv=@� > 0; b) for all v =2 L, @qv=@� = 0; c) for all v; v 2 V, such
that v < v, @qv=@� � @qv=@�, with strict inequality if and only if v 2 L.
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Proof. See Appendix C.

Lemma 4 shows that, for all varieties belonging to L, quality increases when the aggregate

productivity in the world rises. Furthermore, this e¤ect is stronger for those varieties whose

quality can be more cheaply upgraded �i.e., those varieties carrying a lower � (v). On the other

hand, we can observe that the optimal quality of varieties that do not belong to L does not

respond to changes in �.

Based on Lemma 3 and Lemma 4, we can accordingly identify two distinct regimes depending

on the level of � that prevails. First, we refer to an economy such that � � � as a subsistence
economy � in a subsistence economy all varieties are consumed at the baseline quality level.

Second, we refer to an economy with � > � as a modern economy �in a modern economy some

varieties (and possibly all of them) are consumed strictly above the baseline quality level. In

what follows we proceed to further characterise these two regimes.

Subsistence Economy �� � �

In this regime qv = 1 holds for all v 2 V. This in turn means that Q = 1 and �v = 1must hold for
all v 2 V as well. Thus, in a subsistence economy demand intensities remain constant and equal
to one for all varieties as � increases.8 In that regard, a subsistence economy displays analogous

behaviour to the economy discussed in Dornbusch et al (1977), where demand intensities are

homothetic across varieties.

Modern Economy �� > �

This regime is characterised by qv > 1 for all v 2 [0; ~v(�)). Hence, the average quality can be
written as Q = 1�~v (�)+

R ~v(�)
0 qz dz, from where it follows that @Q=@� =

R ~v(�)
0 (@qz=@�) dz > 0.

Since @qv=@� = 0 for all v =2 L, then @�v=@� < 0 must hold for all v =2 L. As a result, given thatR
V �v dv = 1, it must thus be the case that the demand intensities of some (and possibly all)

v 2 L will increase as � rises. Let J � V denote the subset of V comprising all those varieties
for which @�v=@� > 0.

De�nition 2 Let J = fv 2 V : @�v=@� > 0g.

In a subsistence economy J = ;, while in a modern economy J 6= ;. In other words, in

a modern economy the homotheticity of demand intensities no longer holds, as a subset of

8 It must be noted that this result applies only if � � � holds after performing the comparative statics exercise.
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varieties whose income demand elasticity is larger than one shows up. Notice �nally that J � L,
since @qv=@� > 0 is a necessary condition for @�v=@� > 0 to hold.

The next proposition further characterises the behaviour of the demand intensity �v of a

generic variety v, in relation to those of the other varieties, as � rises.

Proposition 1 Consider any two varieties v; v 2 V, such that v < v. Then:

i) If v 2 J: @�v=@� > @�v=@�;

ii) If v =2 J: @�v=@� � 0.

Proof. See Appendix C.

To interpret our previous results more clearly, notice that J may be understood as the set of

luxury goods, where by luxury goods we refer to those varieties whose income demand elasticity

is larger than 1. Since the set J comprises always lower-indexed varieties, the luxury goods

are exactly those varieties whose quality degree qv is relatively high compared to the average

quality Q: In that sense, in our model it is the (relative) quality what determines whether or

not a particular variety is luxurious and thus increases its share in the consumer�s budget as he

becomes richer. When individuals are still poor (i.e. when � � �), satisfying all basic needs

constitutes their main goal, leading them to keep the quality of all goods at the baseline level and

setting accordingly equal shares for all varieties. As individuals become rich enough some (and

eventually all) varieties start being consumed in higher quality degrees. In addition, the varieties

whose quality degree is relatively higher attract increasingly larger income shares, as given the

preference speci�cation in (1) individuals tend to value high-quality commodities relatively more

as they become wealthier.

From Proposition 1 we can derive the following corollary.

Corollary 1 Let # (v) �
R v
0 �z dz. Then:

(i) If � < � : @# (v) =@� = 0, 8 v 2 V;

(ii) If � � � : @# (v) =@� > 0, 8 v 2 [0; 1).

Proof. See Appendix C.

Corollary 1 somehow synthesizes the eventual non-homothetic behaviour of the demand

schedules implied by our model. In particular, whenever � < �, demand schedules are homo-

thetic across varieties. However, when � lies above the threshold �, income starts being spent

in growing proportion on lower-indexed varieties.
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4 General Equilibrium in the World Economy

In Section 3, we have studied the optimal consumption choice of an individual from the North,

taking the wages in the North and in the South (i.e., w and w�) as exogenously given. (In

Appendix B, we do the same for the case of an individual from the South.) These wages in turn

determine the prices of all reproducible commodities in the world economy through equation

(3). Since the set of all relevant prices in the world economy have so far been exogenously set,

our former analysis has described only partial equilibrium results.

The present section computes the general equilibrium in this world economy. This requires

endogenising wages and, thereby, the prices of all reproducible commodities. Given that in a

general equilibrium only relative prices are determined, we henceforth take the wage in South

as the numeraire, by setting w� = 1.

In order to disregard the e¤ects of population heterogeneity across countries, we suppose

that both the North and the South are inhabited by a continuum of individuals with identical

mass, which we normalise to one.

A representative individual from the North will then solve:

max
fqv ;�vgv2V

U =

Z m

0
qv ln

 
�v�

a (v) q
�(v)
v

!
dv +

Z 1

m
qv ln

 
�v�w

a� (v) q
�(v)
v

!
dv;

subject to:
Z
V
�v dv = 1; and qv � 1; 8v 2 V:

(8)

On the other hand, a representative individual from the South solves:

max
fq�v ;��vgv2V

U� =

Z m

0
q�v ln

 
��v�

a (v) q
�(v)
v w

!
dv +

Z 1

m
q�v ln

 
��v�

a� (v) q
�(v)
v

!
dv;

subject to:
Z
V
��v dv = 1; and q

�
v � 1; 8v 2 V:

(9)

The solution of (8) and (9) yields the demand functions of each variety v 2 V for the

North and the South, respectively. By using # (v) �
R v
0 �z dz �as de�ned in Corollary 1�

and #� (v) �
R v
0 �

�
zdz �see Corollary 1 (South) in Appendix B�, we can write the equilibrium

condition for the market of goods produced in the North as follows:

# (m)w + #� (m) = w: (10)

Condition (10) essentially says that the aggregate amount of income spent by the world in goods

produced in the North must be equal to the aggregate income of the North. This condition can
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also be understood as the equilibrium condition for the labour market in the North.9

The world economy general equilibrium is determined by (4), (8), (9), and (10). We will

henceforth focus our attention on the equilibrium values of w and m, and to how these two

variables respond to some simple comparative statics exercises.

4.1 Worldwide Uniform Aggregate Productivity Growth

In this subsection, we look at the impact of changes in � on the equilibrium values of w and m.

We can split the results in two di¤erent cases.

Subsistence economies �� � �

From our previous discussion, we can observe that when � � �, the optimal demand intensities
are set at �v = ��v = 1 for all v 2 V. This result in turn implies that # (m) = #� (m) = m.

Therefore, (10) simpli�es to:

w = m= (1�m) : (11)

Combining then (4) with (11), leads to m= (1�m) = A (m), from where it follows that, for all

� � �, in equilibrium: w = 1 and m = 0:5. That is, North and South exhibit equal income,

and the pattern of regional specialisation is accordingly dictated by the �natural�comparative

advantage of each country without relative-wage bias (i.e., the comparative advantage that

derives purely from the heterogeneity in the technological structure implied by Assumption

1).10

Modern economies �� > �

When aggregate productivity is su¢ ciently high, the income equality between the North and the

South no longer holds. In particular, as � rises above the threshold �, the terms of trade start

moving in favour of the North, and thus the North becomes relatively richer than the South.

Furthermore, the income disparity between the North and the South increases as � keeps rising.

Proposition 2 Suppose Assumptions 1 holds. In addition, suppose � > �: Then, in equilibrium:
9Because of the Walras�Law, an analogous condition can be derived for the equilibrium in the labour market

in the South.
10Notice that, since w = 1 for all � � �, in fact � = �� (that is, the threshold on � that divides a subsistence-

economy from a modern economy happens to be the same for the North and for the South). As a consequence,

we can refer to both thresholds simply as �.
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(i) w > 1 and m < 0:5.

(ii) @w=@� > 0 and @m=@� < 0:

Proof. Part (i). When � > �, from Corollary 1 it follows that #(m) > m and #�(m) > m. As

a result, by using (10), we can obtain:

w =
#�(m)

1� #(m) >
m

1�m: (12)

Combining next (12) with (4), and recalling Assumption 1 leads to:

A(m) =
#�(m)

1� #(m) >
m

1�m , m < 0:5.

Finally, since m < 0:5, (4) implies that w > 1:

Part (ii). Next, to study how w and m vary as � keeps rising above �, we di¤erentiate the

equilibrium conditions (4) and (10). This leads to:

@w

@�
= A0(m)

@m

@�
(13)

and

(w�m + �
�
m)
@m

@�
+

�
w
@#(m)

@w
+ #(m) +

@#�(m)

@w

�
@w

@�
+

�
@#(m)

@�
+
@#�(m)

@�

�
=
@w

@�
; (14)

where the �rst term in (14) uses the fact that @#(m)=@m = �m and @#
�(m)=@m = ��m. Plugging

(13) into (14), we can obtain:

@m

@�
=

@#(m)=@�+ @#�(m)=@�

[1� #(m)� w @#(m)=@w � @#�(m)=@w]A0(m)� (w�m + ��m)
: (15)

For determining the sign of (15), we can use the following two results: �rst, Corollary 1

states that both @#(m)=@� > 0 and @#�(m)=@� > 0; second, as shown in Appendix D, both

@#(m)=@w � 0 and @#�(m)=@w � 0. Therefore, since 1 � #(m) > 0 and A0(m) < 0, then

@m=@� < 0 obtains from the right-hand side of (15). Finally, from (13) it then follows that

@w=@� > 0.

Proposition 2 shows that as the worldwide productivity parameter, �, increases, the income

in the North eventually begins diverging away from the income in the South. The reason

for this income-divergence is that the North enjoys a comparative advantage in producing those

commodities whose income-elasticity is relatively larger. As a consequence, as the world economy

grows uniformly above �, aggregate world expenditure shifts towards the set of commodities
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produced by the North. The ensuing excess demand for commodities produced in the North

causes excess labour demand in the North and w thus goes up. In turn, as w rises, the marginal

variety moves to the left (i.e., m falls), and some of the varieties that used to be produced by the

North start being now produced by the South, restoring the equilibrium in the labour markets.

4.2 Heterogeneous Population: the e¤ects of income inequality

So far we have assumed that within each country all individuals are identical regarding all

relevant features for our model. In this section we examine the general equilibrium consequences

of introducing some degree of income heterogeneity within countries.

To keep the analysis short and concise, we introduce income inequality only in the South,

while we maintain the assumption that the population in the North is homogeneous. In par-

ticular, we assume that the South is inhabited by two types of individuals: p and r, where the

p stands for poor and r stands for rich. Each sub-group of Southerners has mass equal to 0:5.

A poor Southerner is endowed with 1 � � units of e¤ective labour, while a rich one is endowed
with 1+ � units of it; where � 2 (0; 1). In the North everyone is endowed with 1 unit of e¤ective
labour.

Introducing income inequality in the South leads to interesting results when the poor South-

erners are so poor that, in equilibrium, they consume all varieties at the baseline quality level,

whereas in contrast rich Southerners a¤ord to consume some of the varieties strictly above that

level. To focus on such case, we accordingly assume that � = �.

Proposition 3 Suppose the population in the South is split in two groups, p and r, of equal

mass; individuals in p are endowed with 1 � � units of e¤ective labour and individuals in r
are endowed with 1 + � units of it, where � > 0. Additionally, suppose that � = �. Then, in

equilibrium:

(i) w > 1 and m < 0:5.

(ii) @w=@� > 0 and @m=@� < 0:

Proof. Part (i). When � = �, in the South, #�p(m) = m and #�r(m) > m; where #
�
j (m) denotes

the fraction of income that types j 2 fp; rg spend on varieties belonging to [0;m). On the other
hand, in the North, #(m) = m; since when � = � all Northerners optimally consume all varieties

at the baseline level.11 As a result, the equilibrium condition in the Northern labour market

11Recall from Lemma 3 that � � a (0) exp [� (0)], which is independent of w=w�.
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(10) reads as follows:

m+ 1
2 [(1� �)m+ (1 + �)#

�
r(m)] = w: (16)

From (16), since #�r(m) > m, it immediately follows that w > 1, which in turn implies m < 0:5.

Part (ii). Totally di¤erentiating (16), and using the fact that in equilibrium @w=@� = A0(m) (@m=@�)

must be veri�ed, leads to:

@w

@�
=

(1 + �) (@#�r=@w) + (#
�
r(m)�m)

2(1�m)� (1 + �) (@#�r=@w)�
�
2w + (1� �) + (1 + �)��r;m

�
=A0(m)

> 0. (17)

The positive sign in (17) stems from the fact that @#�r(m)=@� > 0, @#�r(m)=@w < 0, and

A0(m) < 0.

When � = �, introducing income inequality in the South raises the relative wage in the North.

This result is owing to the non-homotheticity of the demand schedules of the rich Southerners.

More precisely, increasing � transfers income from the poor Southerners who spend a fraction

m of it in Northern goods, to the richer Southerners who spend a fraction #�r(m) > m of their

income on those commodities. As a result, aggregate demand for Northern goods goes up leading

to higher w.

Incorporating inequality in the North in an analogous manner would carry similar conse-

quences on w and m, as the richer Northerners would also tend to shift aggregate demand

towards the goods produced in the North.

5 Conclusion

(COMING SOON)

Appendices

A First-Order Conditions for Consumption Choice in the North

The optimisation problem in (6) yields the following �rst-order conditions (where � represents

the Lagrange multiplier associated to the budget constraint and f�vgv2V denote those associated
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to the constraints fqv � 1gv2V):

ln

 
�vw

��1� (v) q
�(v)
v

!
� � (v) + �v = 0; 8v 2 V; (18)

qv
�v
� � = 0; 8v 2 V; (19)

qv � 1 � 0; �v � 0; and �v (qv � 1) = 0; 8v 2 V; (20)

1�
Z
V
�v dv = 0: (21)

From (19), it follows that �v = qv=�. Then, replacing this last expression into (21) leads toR
V qz dz = �, from where the condition (7) immediately obtains by using again (19).

By using the condition (7), we can rewrite (18) as:

�v = � (v) + ln [� (v) =w]� ln�+ lnQ+ [� (v)� 1] ln qv: (22)

The expression in (22) will be used in many of the following proofs.

B Optimal Consumption Choice in the South

Bearing in mind Assumption 1, we can write down the optimisation problem faced by a repre-

sentative individual from the South as follows:

max
fx�vqg(v;q)2V�Q

U� =

Z
V
ln

�Z
Q
max

�
x�vq;

�
x�vq
�q	

dq

�
dv;

subject to:
R
V �

�
vdv = 1;

pvq = �
�1q�(v)� (v) ; 8 (v; q) 2 V�Q:

Lemma 1 holds for x�vq in a similar fashion as for xvq. Hence, we can re-state the problem

speci�ed above in terms of q�v and �
�
v, as it was previously done for the North (where q

�
v now

denotes the quality of variety v consumed, in the optimum, in the South). This way, we can

obtain the following �rst-order conditions, which constitute the analogous versions for the South

of (7) and (22), respectively:

��v =
q�vR

V q
�
z dz

; 8v 2 V; (23)

��v = � (v) + ln [� (v) =w�]� ln�+ lnQ� + [� (v)� 1] ln q�v : (24)

Given the �rst-order conditions in (23) and (24), all the ensuing results found in Section 3

follow through in qualitative terms. In particular, we can derive functions fq�vgv2V and f��vgv2V
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displaying identical qualitative properties as their counterparts in the North, that is fqvgv2V
and f�vgv2V, in terms of Lemmas 2 - 4 and Porposition 1. Furthermore, we can similarly �nd
the threshold �� for the worldwide aggregate-productivity parameter, which splits the South in

the regimes of subsistence-economy and modern-economy ; both exhibiting analogous properties

as described for the North.12 Finally, likewise for the North in Corollary 1, for the South the

following holds:

Corollary 1 (South) Let #� (v) �
R v
0 �

�
z dz. Then:

(i) If � < �� : @#� (v) =@� = 0, 8 v 2 V;
(ii) If � � �� : @#� (v) =@� > 0, 8 v 2 [0; 1).

C Omitted Proofs

Proof of Lemma 1.

Part (i). First, notice that utility is given by an additive function over logarithms. Optimization

can thus be split in two stages: (a) maximise U with respect to the logarithms; (b) maximise

those logarithms with respect to xvq. About (b), notice that the logarithms are de�ned on the

integral over convex functions of xvq, and therefore are themselves convex functions. It follows

that (b) optimally requires corner solutions, so the result claimed obtains.

Part (ii). The proof follows immediately from noting that, for all v 2 V, utility derived from
consuming xvq 2 (0; 1] is independent of the quality-index q, while according to (3) the price of
commodity (v; q) 2 V�Q is strictly increasing along the quality space.

Proof of Lemma 2.

First, suppose qv < qv. Since qv � 1, then qv > 1, hence (22) paired with (20) yield: � (v) +

ln [� (v) =w]� ln (�=Q) � 0, while � (v) + ln [� (v) =w]� ln (�=Q) + [� (v)� 1] ln qv = 0. Thus:

� (v) + ln� (v) � � (v) + ln� (v) + [� (v)� 1] ln qv:

This last equality in turn leads to:

[� (v)� � (v)] + ln [� (v) =� (v)] + [� (v)� 1] ln qv � 0;

which cannot possibly hold if qv > 1, as its left-hand side would then be strictly positive.

Therefore, it must necessarily be the case that qv � qv.
12From Section 4, it is straightforward to observe that, given Assumption 1, �� = �.
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Next, suppose qv = qv > 1. In this case, (22) in conjunction with (20) yield:

� (v) + ln� (v) + [� (v)� 1] ln qv = � (v) + ln� (v) + [� (v)� 1] ln qv = 0:

This last equality in turn leads to:

� [� (v)� � (v)] (1 + ln qv) = ln [� (v) =� (v)] :

However, this last equality cannot possibly hold since its right-hand side is strictly positive,

while the left-hand side is negative. As a result, qv > qv must necessarily hold when qv > 1.

Proof of Lemma 3.

In order to prove this lemma it proves convenient to state �rst the following result:

Claim 1 The optimal quality qv of any variety v 2 V can be written as follows:

qv = max
n
�0;v (q0)

�0;v ; 1
o
; (25)

where:

�0;v �
"
e�(0)� (0)

e�(v)� (v)

# 1
�(v)�1

> 0, and �0;v �
� (0)� 1
� (v)� 1 > 0.

Proof. See Appendix D.

Next, notice that, from (25), @�0;v (v) =@v < 0 and @�0;v (v) =@v < 0 since a0 (v) � 0 and

�0 (v) > 0, hence the set L � V comprises the lower-indexed varieties in V, with ~v(�) represent-
ing its upper bound.

Part (i). When � 2 (0; �), conditions stipulated in (20) and (22) applied on v = 0 entail that:
q0 = 1 and �0 > 0. As a result, from Lemma 2 it follows that qv = 1, 8v 2 V: Therefore, since
a0 (v) � 0 and �0 (v) > 0, again from (22), �v > 0 for all v 2 V obtains, and thus L = ;:

Part (ii). Note that (22) applied on v = 0, in conjunction Lemma 2, implies that when � = �,

then �0 = 0 and q0 = 1. Then, Lemma 2 implies Q = 1. Using these results in (22) yields:

�v = � (v)+ln [� (v) =w]� ln�, implying that �v > 0 for all v 2 (0; 1]. As a result, the set L = 0,
meaning that ~v(�) = 0.

Claim 2 If ~v(�) < 1, then q~v(�) = 1.

Proof. See Appendix D.

Given Claim 2 and Lemma 2, the aggregate quality index can be written as follows: Q =

1 � ~v(�) +
R ~v(�)
0 qv dv. Furthermore, observe that, whenever ~v(�) < 1, ln (�=Q) = � (~v(�)) +
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ln [� (~v(�)) =w] must hold in equilibrium. This last condition yields, after some simple alge-

bra, Q = �w exp [�� (~v)] =� (~v). In addition to that, because of Lemma 2, in equilibrium,

[� (v)� 1] ln qv = ln (�=Q) � � (v) � ln [� (v) =w] must hold for any v � ~v(�). By using the

former in the latter, after some algebra, we may obtain:

qv = qv (~v(�)) �
�
� (~v(�))

� (v)

� 1
�(v)�1

exp

�
� (~v(�))� � (v)
� (v)� 1

�
, 8 v 2 [0; ~v(�)]: (26)

In equilibrium, it must be the case that:

�w exp [�� (~v(�))] =a (~v(�)) = 1� ~v(�) +
Z ~v(�)

0
qv (~v(�)) dv; (27)

where the right hand-side of (27) uses (26). Computing the total di¤erentiation of (27), yields

after some algebra:13

Q

�
d� =

�
�0 (~v(�))

� (~v(�))
+ �0 (~v(�))

�"
Q+

Z ~v(�)

0

qv
� (v)� 1dv

#
d~v;

leading �nally to:

d~v

d�
=

"
�

Q

�
�0 (~v(�))

� (~v(�))
+ �0 (~v(�))

� 
1� ~v(�) +

Z ~v(�)

0

� (v)

� (v)� 1qvdv
!#�1

> 0:

where the last inequality follows from the properties of the functions � (�) and � (�)

Proof of Lemma 4.

Part (i). Proof follows immediately from noting that Lemma 3 implies that, whenever � 2
(0; �), qv = 1 must hold for all v 2 V. Thus, whenever � 2 (0; �), @qv=@� = 0 for all v 2 V.

Part (ii.a). Di¤erentiating (25), computed for any v 2 L, with respect to � yields:

dqv
d�

=
� (0)� 1
� (v)� 1

"
e�(0)� (0)

e�(v)� (v)

# 1
�(v)�1

(q0)
�(0)��(v)
�(v)�1

dq0
d�
; 8v 2 L:

Using again (25), the equation above can be written:

dqv
d�

=
� (0)� 1
� (v)� 1

qv
q0

dq0
d�
; 8v 2 L: (28)

13One subtle caveat applies here. Even if both wa(v) and w�a�(v) are di¤erentiable functions over the whole

domain of v, the envelope function �(v) will not necessarily be so. In particular, �(v) may not be di¤erentiable

at the point v = m: As a result, if ~v = m, �0(~v) may not exist. In the very speci�c case where this �anomaly�

holds, we take that �0(v) = lim
4v!0+

4�(v)
4v .
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(Since � (�) > 1, notice that dqv=d� and dq0=d� must then share the same sign, for all v 2 L).
Given that Q = 1� ~v(�) +

R ~v(�)
0 qz dz, it follows that:

dQ

d�
=

Z ~v(�)

0

dqz
d�
dz =

1

q0

 Z ~v(�)

0

� (0)� 1
� (z)� 1qzdz

!
dq0
d�
:

Applying (22) to v = 0 when �0 = 0 yields: q0 =
�
a (0) e�(0)Q

�� 1
�(0)�1 �

1
�(0)�1 . Thus:

dq0
d�

=
q0

� (0)� 1
Q

�

 
1� ~v +

Z ~v(�)

0

� (z)

� (z)� 1 qz dz
!�1

> 0:

Therefore, from (28) it follows that dqv=d� > 0; 8v 2 L must also hold.

Part (ii.b). Since qv = 1 must hold for all v =2 L. Proof is analogous to that of Part (i) of this
Proposition.

Part (ii.c). Part (ii.a) and (ii.b) of this Proposition, taken together, imply that dqv=d� =

dqv=d� = 0 if v; v =2 L, and dqv=d� > dqv=d� = 0 if v 2 L and v =2 L. For v; v 2 L, such that
v < v, (28) leads to:

dqv
d�

=
� (0)� 1
� (v)� 1

qv
q0

dq0
d�

>
� (0)� 1
� (v)� 1

qv
q0

dq0
d�

=
dqv
d�
;

since by assumption � (v) < � (v) and, from Lemma 2, qv > qv.

Proof of Proposition 1.

Firstly, considering the de�nition of average quality, taking logarithms and di¤erentiating (7)

with respect to � yields: (d�v=d�) =�v = (dqv=d�) =qv � (dQ=d�) =Q. Using (28), we can write:

dqv
d�

1

qv
=
� (0)� 1
� (v)� 1

dq0
d�

1

q0
>
� (0)� 1
� (�v)� 1

dq0
d�

1

q0
=
dqv
d�

1

qv
:

Hence:
d�v
d�

1

�v
>
d�v
d�

1

�v
: (29)

Part (i). Using (29), the claim trivially follows by noting that, from Lemma 2 in conjuction

with (7), �v > �v must always hold.

Part (ii). Suppose instead that @�v=@� > 0 when @�v=@� � 0. Using (29), it follows that:

d�v
d�

<
�v
�v

d�v
d�

� 0;
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which contradicts the fact that @�v=@� > 0 when @�v=@� � 0. As a result, if v =2 J, then
@�v=@� � 0 must hold.

Proof of Corollary 1.

Preliminarily, recall
R
z2V �z dz = 1, which implies

R 1
0 (@�z=@�) dz = 0:

14

Part (i). Claim immediately follows since, whenever � < �; @�z=@� = 0 for all z 2 V.

Part (ii). Note �rst that when � � �, the set J 6= ;. As a result, from Proposition 1, Part (i), it
follows that

R v
0 (@�z=@�) dz >

R 1
v (@�z=@�) dz. Then, since

R v
0 (@�z=@�) dz+

R 1
v (@�z=@�) dz = 0,

we must necessarily have that
R v
0 (@�z=@�) dz > 0.

D Auxiliary Derivations and Proofs

Proof of Claim 1

Recall that qv = 1, 8v =2 L. For all other varieties, (22) in conjunction with (20) yield:

� (v) + ln� (v) + [� (v)� 1] ln qv = � (0) + ln� (0) + [� (0)� 1] ln q0; 8v 2 L:

Isolating [� (v)� 1] ln qv, and applying exponentials to both sides gives:

(qv)
�(v)�1 =

e�(0)

e�(v)
�(0)

� (v)
(q0)

�(0)�1 ; 8v 2 L:

Finally, raising both sides to the power [� (v)� 1]�1, and considering Lemma 2, (25) obtains.

Proof of Claim 2

By de�nition of L, �~v(�) = 0. Thus, the condition (22) applied on ~v(�) yields:

� (~v(�)) + ln [� (~v(�)) =w]� ln�+ lnQ = � [� (~v(�))� 1] ln q~v(�) (30)

Suppose now that q~v(�) > 1, and take some " 2 (0; 1 � ~v(�)]. Then, since v = ~v(�) + " =2 L, it
must be the case that:

� (~v(�) + ") + ln [� (~v(�) + ") =w]� ln�+ lnQ = �~v(�)+": (31)

Then, by continuity of � (�) and � (�), and using the result in (30), we must have:

lim
"!0

f� (~v(�) + ") + ln [� (~v(�) + ") =w]� ln�+ lnQg = � [� (~v(�))� 1] ln q~v(�) < 0:

14Note that it is then trivial to observe that @#(1)=@� = 0, 8� > 0.
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Hence, q~v(�) > 1 cannot possibly hold when ~v(�) < 1 as it would imply that �~v(�)+" < 0 in (31)

for "! 0, violating (20).

Proof of @#(m)=@w � 0.

Suppose �rst that ~v < m. Then, L � [0;m). Di¤erentiating (22) with respect to w yields:

� (v)� 1
qv

@qv
@w

+
1

Q

@Q

@w
= 0; 8v 2 L: (32)

Furthermore, from (25) it follows that:

@qv
@w

=
� (0)� 1
� (v)� 1

qv
q0

@q0
@w

; 8v 2 L: (33)

Since @Q=@w =
R ~v
0 (@qz=@w) dz, combining (32) and (33) yields:�
1� ~v +

Z ~v

0

� (z)

� (z)� 1qzdz
�
� (0)� 1
q0

1

Q

@q0
@w

= 0 ) @q0
@w

= 0;

Therefore, using again (33), @qv=@w = 0 for all v 2 [0; ~v] obtains. In addition, because of Lemma
2, it must thus be the case that @qv=@w = 0 holds as well for all v 2 (~v; 1]. Finally, recalling (7)
it then follows that @�v=@w = 0 for all v 2 V, which in turn implies that @# (m) =@w = 0.
Suppose now that ~v � m. Di¤erentiating (22) with respect to w now yields:

� (v)� 1
qv

@qv
@w

+
1

Q

@Q

@w
=

8<: 0; 8v 2 [0;m)
1=w; 8v 2 [m; ~v]

(34)

From (34) it follows that a necessary condition for @# (m) =@w > 0 to hold is that @Q=@w < 0.15

However, (34) means that if @Q=@w < 0, then @qv=@w > 0 should hold for all v 2 [m; ~v]. If
~v = 1; it must be straightforward to observe that @Q=@w < 0 cannot thus hold. Alternatively, if

~v < 1, then @Q=@w < 0 would require that @qv=@w < 0 prevails for some v 2 (~v; 1] which is not
feasible either since it would lead to violating the constraint qv � 1. As a result, @Q=@w > 0

must hold, which in turn implies @# (m) =@w < 0.

Proof of @#� (m) =@w � 0.

Suppose �rst that ~v� < m. Then, L�� [0;m). Di¤erentiating (22) �adjusted for representing
an individual from the South �with respect to w yields:

� (v)� 1
q�v

@q�v
@w

+
1

Q�
@Q�

@w
= � 1

w
; 8v 2 L�: (35)

15Otherwise, if @Q=@w � 0, (34) would imply that @qv=@w � 0 for all v 2 [0;m). Recalling (7), it is then
straightforward to observe that @Q=@w � 0 would mean @�v=@w � 0 for all v 2 [0;m), which in turn leads to
@# (m) =@m � 0.
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In addition, from (25) it follows that:

@q�v
@w

=
� (0)� 1
� (v)� 1

q�v
q�0

@q�0
@w

; 8v 2 L�: (36)

Combining (35) and (36) leads to: 
1� ~v� +

Z ~v�

0

� (z)

� (z)� 1qzdz
!
� (0)� 1
q�0

1

Q�
@q�0
@w

= � 1
w

) @q�0
@w

< 0:

Hence, using again (36), @q�v=@w < 0 for all v 2 [0; ~v�] obtains, which in turn implies @Q�=@w <
0. Next, since for all v � ~v� the constraint q�v � 1 is binding, it must be the case that @q�v=@w � 0,
8v 2 (~v�; 1]. As a result, because of (7), @��v=@w > 0 for all v 2 [m; 1] follows, which in turn
implies @#� (m) =@w < 0.

Suppose now ~v� � m. Di¤erentiating (22) with respect to w now yields:

� (v)� 1
q�v

@q�v
@w

+
1

Q�
@Q�

@w
=

8<: �1=w; 8v 2 [0;m)
0; 8v 2 [m; ~v�]

(37)

If @Q�=@w � 0, from (37) it follows that @q�v=@w < 0 for all v 2 [0;m), which using (7)

entails that @��v=@w < 0 for all v 2 [0;m) too. As a consequence, a necessary condition for
@#� (m) =@w > 0 to hold is that @Q�=@w < 0. However, notice that if @Q�=@w < 0, then (37)

implies @q�v=@w > 0 for all v 2 [m; ~v�]. Furthermore, in case ~v� < 1, since 8v 2 (~v�; 1] the
constraint q�v � 1 is binding, @q�v=@w � 0 must necessarily hold for all v 2 (~v�; 1]. As a result, if
@Q�=@w < 0, then @��v=@w > 0 for all v 2 [m; 1], which in turn leads to @#� (m) =@w < 0.

References

[1] Azariadis C. and Stachurski J., (2005): "Poverty Traps". In: Handbook of Economic Growth (Aghion

P. and Durlauf S., eds.). Elsevier.

[2] Dornbusch R., Fischer S. and Samuelson P., (1977): "Comparative Advantage, Trade, and Payments

in a Ricardian Model with a Continuum of Goods", American Economic Review, 67, 823-839.

[3] Flam H. and Helpman E., (1987): "Vertical Product Di¤erentiation and North-South Trade", Amer-

ican Economic Review, 77, 810-822.

[4] Galor O., (2005): �From Stagnation to Growth: Uni�ed Growth Theory�. In: Handbook of Economic

Growth (Aghion P. and Durlauf S., eds.). Elsevier.

25



[5] Grossman G. and Helpman E., (1991): "Quality Ladders and Product Cycles", Quarterly Journal

of Economics, 106, 557-586.

[6] Horvath M., (2000): "Sectoral shocks and aggregate �uctuations", Journal of Monetary Economics,

45, 69-106.

[7] Jones C., (1997): �On the Evolution of the World Income Distribution�, Journal of Economic

Perspectives, 11, 19-36.

[8] Matsuyama K., (2000): "A Ricardian Model with a Continuum of Goods under Nonhomothetic

Preferences: Demand Complementarities, Income Distribution, and North-South Trade", Journal

of Political Economy, 108, 1093-1120.

[9] Prebisch, R. (1950): The Economic Development of Latin America and Its Principal Problems. New

York: United Nations, Econ. Comm. Latin America.

[10] Singer, Hans W., (1950): "The Distributions of Gains between Investing and Borrowing Countries",

American Economic Review, 40, 473-485.

[11] Stokey Nancy L., (1991): "The Volume and Composition of Trade between Rich and Poor Coun-

tries", Review of Economic Studies, 58, 63-80.

26


